We propose an all orders beta function for ordinary Yang-Mills theories with or without fermions inspired by the Novikov-Shifman-Vainshtein-Zakharov beta function of N = 1 supersymmetric gauge theories. The beta function allows us to bound the conformal window. When restricting to one adjoint Weyl fermion we show how the proposed beta function matches the one of supersymmetric Yang-Mills theory. The running of the pure Yang-Mills coupling is computed and the deviation from the two loop result is presented. We then compare the deviation with the one obtained from lattice data also with respect to the two loop running. * Electronic address: ryttov@nbi.dk † Electronic address: sannino@ifk.sdu.dk
I. INTRODUCTION
Inspired by the Novikov-Shifman-Vainshtein-Zakharov (NSVZ) supersymmetric beta function [1, 2, 3] we propose an all orders beta function for nonsupersymmetric gauge theories with or without massless fermions transforming according to arbitrary representations of the underlying SU(N) gauge group. The beta function at small coupling reduces to the two loop beta function. The form of the new beta function allows us to bound the phase diagram for a generic nonsupersymmetric gauge theory with fermionic matter in a given, but otherwise arbitrary, representation of the underlying gauge group. The result is simple and we compare it with the phase diagram presented in [4, 5, 6 ] obtained using the truncated Schwinger-Dyson approximation also referred as ladder approximation in [7, 8] .
Further studies of the nonsupersymmetric conformal window and its properties can be found in [9, 10, 11, 12, 13, 14] .
We find that the ladder results provide a conformal window systematically smaller than the one presented here. The conformal windows we propose make use of the new beta function and the condition of the absence of negative norm states in a conformal field theory.
The actual size of the conformal window may be smaller than the one presented here which can be considered as a bound on the size of the conformal window. In the supersymmetric case this criterion provides, when extra checks can be performed [15] , the actual size of the conformal window. The beta function is then generalized to the case of a gauge theory with matter in different representations of the gauge group.
We consider the specific case of a single massless Weyl fermion in the adjoint representation which corresponds to super Yang-Mills. By directly comparing our expression with the super Yang-Mills result [1, 2, 3] we determine the anomalous dimension of an adjoint fermion.
At infinite number of colors a prediction of the beta function was made in [16] for theories with matter in the two-index symmetric and antisymmetric representation of the gauge group and for Yang-Mills theory in [17] . Our proposed supersymmetry-inspired beta function coincides with these results at infinite number of colors. Another attempt to produce the Yang-Mills beta function at large N was recently made in [18] . In this latter approach the beta function has a zero at a finite value of the coupling. If the zero signals a physical infrared fixed point it is reasonable to expect that the associated beta function does not correspond to pure Yang-Mills.
The zero flavor limit, i.e. pure Yang-Mills, is a quite interesting case since we can compare the running due to the new beta function with lattice data for SU(2), SU(3) and SU(4) [19, 20, 21] . We find the new beta function to compare well with data, capturing the fact that the results do not depend on the number of colors when plotting the running of the 't Hooft coupling. This result and the comparison with data is rather encouraging.
We finally determine the ratio between the area of a given conformal window to the associated asymptotically free one and find that it is universal, i.e. does not depend on the specific matter representation. A universal ratio was found earlier in the supersymmetric case [6] . The ratio assumes the same value in the supersymmetric and in the non-supersymmetric case. We then generalize the phase diagram to the case of multiple matter representations simultaneously affecting the gauge dynamics. Following [6] we determine the size of the new conformal regions and find a remarkably simple formula measuring the ratio of conformal regions with respect to the associated asymptotically free regions. Universality manifests again since the ratios depend only on how many representations are considered but not which ones.
A relevant application lies in the physics beyond the standard model. Minimal walking technicolor theories [4, 5, 22, 23] are interesting examples models for dynamical breaking of the electroweak symmetry since they pass the electroweak precision tests. The walking dynamics was first introduced in [24, 25, 26, 27, 28, 29, 30] . By walking one refers to the fact that the underlying coupling constant decreases much more slowly with the reference scale than in the case of QCD-like theories. The very low number of flavors needed to reach the conformal window, for certain representations, makes the minimal walking theories amenable to lattice investigations. Indeed, recent lattice results [31] show that the theory with two Dirac fermions in the adjoint representation of the SU(2) gauge group possesses dynamic which is different from the one with fermions in the fundamental representation. Our results may also be helpful in determining the physical spectrum of walking theories [32, 33] relevant for electroweak physics [22] .
Yet, another interesting application of our work is as a study of the theoretical landscape underlying the unparticle physics world proposed by Georgi [34, 35] . CP and CPT properties of unparticle physics have been studied in [36] . The theories presented here, belonging to the various conformal regions, are natural candidates for a particle description of the unparticle world following [37, 38] . The adjoint representation is denoted by G.
The exact beta function of supersymmetric QCD was first found in [1, 2] and further investigated in [39, 40] . For a given representation it takes the form
where g is the gauge coupling, γ(g For the reader's convenience in Table I we list the explicit group factors for the representations used here. A complete list of all of the group factors for any representation and the way to compute them is available in Table II of [5] and the associated appendix [48] . Table II and the appendix of [5] .
III. NSVZ -INSPIRED NON SUPERSYMMETRIC BETA FUNCTION
Consider now a generic non supersymmetric gauge theory with N f Dirac fermions in a given representation r of the gauge group. The beta function to two loops reads:
where g is the gauge coupling and the beta function coefficients are given by
To this order the two coefficients are universal, i.e. do not depend on which renormalization group scheme one has used to determine them. The perturbative expression for the anomalous dimension reads:
With γ = −d ln m/d ln µ and m the renormalized fermion mass. It would be great to have the complete expression for the beta function for a non supersymmetric theory. This seems to be a formidable task. Inspired by supersymmetry we suggest an all orders non supersymmetric beta function which has a number of interesting properties and predictions which we will compare and test against nonperturbative results found using various methods or models.
The first observation is that the perturbative anomalous dimension depends on C 2 (r) which appears explicitly in the last term of the second coefficient of the beta function. We hence write the beta function in the following form:
with
It is a simple matter to show that the above beta function reduces to Eq. (3) when expanding
Given that only the two loop beta function has universal coefficients, i.e. is independent of the renormalization scheme, we will assume the existence of a scheme for which our beta function is complete.
IV. IR FIXED POINT
As we decrease the number of flavors from just below the point where asymptotic freedom is lost, corresponding to:
one expects a perturbative zero in the beta function to occur [41] . From the expression proposed above one finds that at the zero of the beta function, barring zeros in the denominator, one must have
The anomalous dimension at the IR fixed point is small for a value of N f such that:
and ǫ ≪ 1. Indeed, in this approximation we find:
It is also clear that the value of γ increases as we keep decreasing the number of flavors.
Before proceeding let us also analyze in more detail the denominator of our beta function.
At the infrared fixed point we have:
For very small ǫ the denominator is positive while staying finite as ǫ approaches zero. The finiteness of the denominator is due to the fact that from the perturbative expression of the anomalous dimension (valid for small epsilon) the fixed point value of g * is:
Since a perturbative fixed point does exist we extend the analysis to a lower number of flavors. The dimension of the chiral condensate is D(ψψ) = 3 − γ which at the IR fixed point value reads
To avoid negative norm states in a conformal field theory one must have D ≥ 1 for nontrivial spinless operators [42, 43, 44] . Hence the critical number of flavors below which the unitarity bound is violated according to the NSVZ inspired beta function is
which corresponds to having set γ = 2. One should note that the analysis above is similar to the one done for supersymmetric gauge theories [15] . However, the actual size of the conformal window may be smaller than the one presented here which hence can be considered as a bound on the size of the window. In Figure 1 we plot the new phase diagram.
Our conformal bound in the case of fermions transforming according to the fundamental representation of the SU(3) gauge group predicts that a physical infrared fixed point can be reached, in this case, for a number of Dirac flavors larger than 8.25 which is larger than the one found by Iwasaki et al. [45] which is around six.
A. Comparison with the Ladder approximation
We now confront our bound of the conformal window with the one obtained using the ladder approximation [5] . In the ladder approximation one finds:
This value is very crude [7, 8] . Comparing with the NSVZ inspired result we see that it is the coefficient of C 2 (G)/T (r) which is different. To better appreciate the differences between these two results we plot the two conformal windows predicted within these two methods in Figure 2 for four types of fermion representation.
The ladder result provides a size of the window, for every fermion representation, smaller than the bound found with our approach. This is a consequence of the value of the anomalous dimension at the lower bound of the window. The unitarity constraint corresponds to γ = 2 while the ladder result is closer to γ ∼ 1. Indeed if we pick γ = 1 our conformal window approaches the ladder result. Incidentally, a value of γ larger than one, still allowed by unitarity, is a welcomed feature when using this window to construct walking technicolor theories. It allows for the physical value of the mass of the top while avoiding a large violation of flavor changing neutral currents [46] which were investigated in [47] in the case of the ladder approximation for minimal walking models. 
B. Generalization to Multiple Representations
The generalization for a generic gauge theory with massless fermions in k different representations is:
and
V. MATCHING TO EXACT RESULTS AND LATTICE DATA
We now take different limits in theory space and, in doing so, we will gain confidence on the validity of the NVSZ -inspired beta function. We first recall how to relate the gauge singlet bilinear fermion condensate at different energy scales in the case of the canonically normalized fermion kinetic termψγ µ D µ ψ:
Hereψψ is a gauge singlet operator and we have suppressed the color and flavor indices. At the lowest order in perturbation theory one obtains the simple formula:
with r the representation of the Dirac fermion ψ. By construction and at the lowest order in perturbation theory the operator
is renormalization group invariant.
A. Super Yang-Mills
Consider the theory with one single Weyl fermion transforming according to the adjoint representation of the gauge group. The beta function reads:
with γ Adj the anomalous dimension of the fermion condensate. This theory corresponds to super Yang-Mills for which we know the result [1, 3] :
In the NSVZ expression above there is no explicit appearance of the anomalous dimension while this is manifest in Eq. (24) . The absence of the anomalous dimension in the NSVZ form of the beta function is due to the choice of normalization of the gluino condensate which renders the associated operator renormalization group invariant. Assuming that the two beta functions have been computed in the same renormalization scheme we can equate them. This provides the expression for the anomalous dimension of the fermion bilinear in the adjoint representation of the gauge group normalized in the standard way:
Note that in our scheme we have that
is a renormalization group invariant quantity to all orders. This is exactly the definition of the gaugino condensate used by NSVZ. One should also note that we recover the perturbative expression of γ Adj when expanding to O(g 2 ).
B. Pure Yang-Mills and Comparison with Lattice Data
Pure Yang-Mills is an excellent study case, since it has been widely investigated in the literature, and much is known, especially via lattice simulations. Setting the number of flavors to zero we have:
respectively for the one and two loop coefficients of the beta function. These are the only universal coefficients of a generic beta function in any scheme. We now integrate the above beta function and compare our running coupling constant with the two loop result and find:
to be compared with the two loop beta function result:
Note that we have normalized the invariant scales Λ i in such a way that they do not depend on the number of colors. It is also clear that the two results do not depend on the number of colors when considering g 2 N as the coupling, i.e. the 't Hooft coupling.
It is instructive to compare the deviation from the two loop result of the NSVZ-inspired beta function with the deviation of the lattice data also with respect to the two loop one.
In Figure 3 we show the evolution of the 't Hooft coupling as a function of the energy scale and plot it together with the two, three and four colors lattice data.
The solid curve is obtained using the NSVZ-inspired beta function, the dashed is obtained via the two loop beta function while the dotted curve is the one loop result. The green dots (biggest errorbars) correspond to lattice data for SU(2) taken from [19] , the blue dots to SU(3) [20] and the red dots (smallest errorbars) to SU(4) [21] . Despite the fact that the two renormalization schemes are different the size of the corrections with respect to the two loop coming from the lattice data and the present beta function are similar. We find this result encouraging. [19] , the blue dots to SU (3) [20] and the red dots (smallest errorbars) to SU (4) [21] .
VI. RE-SIZING THE UNPARTICLE WORLD: A NEW UNIVERSAL RATIO
Georgi has recently proposed to couple a conformal sector to the Standard Model [34] . In [6] we suggested a measure of how large, in theory space, the fraction of the unparticle world is. We assumed, following Georgi, the unparticle sector to be described, at the underlying level, by asymptotically free gauge theories developing an infrared fixed point. We showed that a reasonable measure is then, for a given representation, the ratio of the area of the conformal window to that of the total window for asymptotically free gauge theories
where N min is the smallest number of colors permitted for the chosen representation.
Remarkably, the above ratio turned out to be universal, i.e. independent of the matter representation, for any N = 1 supersymmetric theory. The value being 1/2. Using the NSVZ inspired beta function for nonsupersymmetric theories we again find the same universal result:
A generic gauge theory will, in general, have matter transforming according to distinct representations of the gauge group. We follow the analysis first performed in [6] of the conformal region for a generic SU(N) gauge theory with N f (r i ) vector-like matter fields transforming according to the representation r i with i = 1, . . . , k . We shall consider the non-supersymmetric case here and will use the NSVZ-inspired beta function to determine the fraction of conformal regions.
The generalization to k different representations for the expression determining the region in flavor space above which asymptotic freedom is lost is simply
Following [6] we estimate the region above which the theories develop an infrared fixed point via the following expression
The volume, in flavor and color space, occupied by a generic SU(N) gauge theory is defined to be:
with η reducing to the number 4/11 when the region to be evaluated is associated to the asymptotically free one and to 8/11 when the region is the one below which one does not expect the occurrence of an infrared fixed point. The notation is such that T (r k+1 ) ≡ 
Quite surprisingly the result obtained using the NSVZ-inspired beta function does not depend on which representation one uses but depends solely on the number k of representations present. We recover 1/2 for k = 1. We estimated this ratio in the case of the ladder approximation first in [6] . We noticed then a small dependence which, however, can be related to the large uncertainty stemming from the ladder approximation. The bound of the conformal region is larger than the one computed using the ladder approximation.
VII. CONCLUSIONS
We suggested an all orders beta function for ordinary Yang-Mills theories with or without fermions inspired by the NSVZ beta function of N = 1 super gauge theories. We computed the bound on the conformal regions and then showed how the proposed beta function can be matched to the NSVZ one for super Yang-Mills.
By setting the number of matter flavors to zero one has the Yang-Mills beta function for any number of colors. Interestingly the latter depends only on the first two numerical coefficients of the beta function which are universal according to 't Hooft. The running of the 't Hooft coupling was computed and the deviation from the two loop result presented.
We then compared this with the deviation of the lattice data also with respect to the two loop running. We found the size of the two deviations to be rather close.
Finally we examined the ratio between the area of conformal windows to the asymptotically free ones and showed that it is universal, i.e. does not depend on the specific matter representation. A universal ratio was found earlier in the supersymmetric case [6] .
